
A GENERAL THEORY OF CONJUGATE NETS IN
PROJECTIVE HYPERSPACE

BY

CHUAN-CHIH HSIUNG

Introduction. In a previous paper('), the author has established a theory of

the projective differential geometry of conjugate nets in a linear space 54 of

four dimensions. The purpose of the present paper is to extend the theory to

a general linear space Sn (w^4).

In §1 a completely integrable system of linear homogeneous partial dif-

ferential equations, together with its integrability conditions, is introduced

by a purely geometric method defining a conjugate net Nx in the space Sn

except for a projective transformation. A canonical form of the system of

differential equations is obtained in §2 by a geometric determination.

In §3 we deduce the conditions of immovability for a point and a hyper-

plane in the space Sn relative to an invariant local pyramid of reference asso-

ciated with a point x of the conjugate net Nx.

§§4, 5, 6 are devoted to proving the following theorems respectively.

Theorem 1. In a linear space Snofn (^3) dimensions let Nz be a conjugate

net and ir be a fixed hyperplane ; then the points M, M of intersection of the fixed

hyperplane ir and the two tangents at a point x of the net Nx describe two conju-

gate nets Nm, Nm in the hyperplane ir respectively, and one of the two nets NM,

Nm is a Laplace transformed net of the other.

Theorem 2. Ina linear space Snof n ( ^ 4) dimensions let Nx be a conjugate

net and Sn_2 be a fixed linear subspace of n — 2 dimensions ; then the point T of

intersection of the fixed subspace Sn-2 and the tangent plane at a point x of the

surface sustaining the net Nx describes a conjugate net Nt in the subspace 5„_2.

Theorem 3. Conjugate nets with equal and nonzero Laplace-Darboux in-

variants in a linear space Sn of n ( 2:4) dimensions are characterized by the

property that at each point x of any one of them there exists a proper hyper-

quadric (and therefore ocn(-n+3>i'2-11 such hyperquadrics) having second order

contact at the Laplace transformed points X-i, Xx of the point x with both

Laplace transformed surfaces S-i, Sx of the net Nx, respectively.

Presented to the International Congress of Mathematicians, August 31, 1950; received by

the editors July 14, 1950.
(') C. C. Hsiung, Projective theory of surfaces and conjugate nets in four-dimensional space,

Amer. J. Math. vol. 69 (1947) pp. 607-621. A projective theory of conjugate nets in ordinary

three-dimensional space has been established in a similar way by E. P. Lane; see his book,

A treatise on projective differential geometry, University of Chicago Press, 1942, Chap. VIII.
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1. Differential equations and integrability conditions. Let us consider a

conjugate net Nx with parameters u, v in a linear space S„ of w (^4) dimen-

sions so that the homogeneous projective coordinates

XU)     .   .   .      x(n+l)

of a nonsingular point x on the surface 5 sustaining the net Nx are given as

analytic functions of the two independent variables u, v by equations of the

form

(1.1) x = x(u, v).

The osculating linear space Sku) of ¿ ( = 2, ■ • • , w —1) dimensions of the

parametric curve u and the osculating linear space S»_i+1 of w — ¿+1 dimen-

sions of the parametric curve v at the point x of the net Nx intersect in a line

h-x- Let us select on the lines h, ■ ■ ■ , ln-i respectively w —2 points yi, • • • ,

y„_2, distinct from the point x, and suppose that the coordinates y¿ of the

point y i (i=í, ■ ■ ■ , n — 2) are functions of u, v. Then it can be shown that

the coordinates y¿ of the corresponding points y,: (i= 1, • • • , n — 2) satisfy a

system  of linear homogeneous  partial  differential equations of the form

(1.2) —- = UiX + ß,xu + 2~L tiVh

d'x i=*   i
—r = Six + 7,-x„ + 2-, Okyk (i = 2, • ■ • , n — 1),
¿V k-x

in which subscripts indicate partial differentiation and the coefficients are

scalar functions of u, v. The first of these equations is merely the Laplace

equation for the parametric conjugate net Nx.

By using equations (1.2) it is easily seen that the derivatives y,-u can be

written in the form

yiu = Axx + BxXu + Exxv + Lxyx,

yiu = AiX + BiXn + Li-xyi-x + L,yi (i = 2, ■ ■ ■ , n — 2).

In particular, by actual calculation one obtains

2 A 2

qxAx = cv + ac + 6<52 — cy2 — 52u,    pn-iAn-2 = a3 — a2ß2 — a2u,
2 2 2

,.   .-.     °iBi = av + a2 — ay2 — d2, pn-2Bn-2 = ß3 — a2 — ß2u — ß2,

C1-4) 2„ ,        ,        L 2 n-2 3
qiEx = bv + ab + c — y2u, pn-2Ln-3 = pn-s,

n n _n o O 2

Lx   =   Ô  —   (lug qx)u\ pn-%Ln-1   =   Pn-1  ~  pn-lßl ~ pn-i.u-

Analogous expressions for y„ can be written by making the substitution
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k i
(u ai ßi yi pi Ai Bi Ex    L¡ H ft £2 £i+3   \

(1-5)   ( k n-(i+l) I,
\v Si yi yn_(,+D q„-(i+x) Dn-(i+i) Cn-{i+x) Fn_2 Mn-a+x) K fi £3 £„+2_,7

where H, K are the Laplace-Darboux invariants defined by the respective

formulas

H = c + ab — au,
(1.6)

K = c + ab — bv,

and the ¿'s will be defined in §3.

The integrability conditions of equations (1.2) are found by the usual

method from the equations

/ dn-'x\ dn-i+lx d /dlx\       di+1x

'. \ a«"-'/ dun~i+1 ' dv \ dv1)       dvi+1

/ di+1x\ dlxuv d / dn~ix\

\dvi+1) dv1   ' dv\dun-i)

(i= 2, ■ ■■ ,n- 2);

(i = 1, •■•,«- 2);
du\dvi+1J dv* dvXdu"-1/ a«n_(i+1)

(y>u)v - (y™)u (i = 1, • • ■ , w - 2);

and the fact that the points x, xu, xv, yi, • • • , yn-2 are linearly independent.

The result is given by the following equations and the analogous ones ob-

tainable therefrom by the substitution (1.5) :

1      / n~2     n-i     \
Ai = —^=¡1 a»-,-|i — an-i.u — ot2ßn-i — 2J Pi   A A

Pi      \ j-i+l /

1     (d'c d^a *=»   ,-+,
= -«T \~ + lc  „ . ,  - 5¿+i.u - CTi+i — 2-,<li   A i

o¿      1.ÓV a»*-1 y_i

*         rd^'c        b^a/ i=*   i    \~n
+ 2_, Ci,i  —■—ay -I-— I 5/„ + cy,- + 2-, QkAk ) \> ,

i-2 LÓV"' dtr*-i\ k-x /A)

1     / n_2    n-i     \

(1.7) 5,-  =  —^r¿( ft,-i+l —  an-i — ßn-i.u — ßißn-i ~    2-, Pi    B ¡\
Pi        \ j-i+X /

+ ta ——-ay.+i - Si+1 — 2-, 1i   B¡
dv1'1 i-x

1    p*a

çî+1 LoV

+ £ C.-.y —^ ( «,- + ay i + £ 0*5* )       (i = 2,
y=2 ÓV^  \ i_i /J

, n - 2),

¿¿-i = pi-i   /pi    ,    Li = b — (log o,-   )„ (i = 2, • • • , w — 2),

n— i+l             n—i             n—i    i             n^i    j+1 .                                       .

íí       = />iu  + pi  Lj + ¿y+i¿y     (i = 2, ■ ■ ■ , n — 3; i -s j s> n — 3),

n—i+l             2                             n—i                  n—»    n—2 ..                                                 .

Pn-2       =   pn-îPn-i + />n-2,u + Pn-lLn-i (t =   2,  •   •  •   ,  W  —   2),
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,-+i 3*o d^a d'-h
Yt+i.« + byi+1 + qx   Ex = —- + ib ——- + i

dv* óV_1 dv

* d'-'b
+ 2-,Ci.i—— y i+x

y_l dv'-'

' fa*-'« d*'-»a y      "I
+ £ CipJ-   —— y i + —— (yíu + by i + OiFi)

y=2 LoV"» óV"' J

(t = 2, • • • , n - 2),

(1.7) ,-+i i+x   k i+x    k+x        .A d,_)ô    y+i
qku  + Qk  Lk + qk+xLk     = ¿^ w,,-—— <?*

« d^c   i d*-™a     k+x ,    *+V
+ 2^ w,,-—~ Ok + C,-,;t+2 ———■ (qku + qk   Lk)

i-k+x      dvl~> óV-*-1-1

% ̂ d%~'a     i i  k        i      k+x
+ 2J C¿,,- —— (qku + qkLk + qk+xLk   )

i-k+2        dvl~'

(i = 3, • • ■ , n - 2; k = 1, ■ • • , i - 2),

where C¿,y denotes the number of combinations of i different things taken j

at a time;

Axv + cBx + <52£i + DxL\ = Dxu + cCx + AiM\ + A2M2,

Aiv + cBi + Di-xL'i-x + Dili = Diu + cd + ^¡M,' + Ai+xM\+x

(i = 2, • ■ • , n - 3),

An-2,v + cBn-2 + Dn-3Ln-3 + Dn-2Ln-2 = Dn-i,u + a2Fn_2
n-2

+ cC„_2 + ^4„_2M„_2,

5it, + a£i = A + «Ci + 5,-Afí" + 3i+iM,-+i (i = 1, • • • , n - 3),
n-2

J5„_2,v + aBn-1 + Fn-2Ln-2  =  -D„_2 + Fn-2,u + )S2fn-2
n—2

+  aC„-2 +  Bn-2Mn-2,

(1.8) ¿, + ÍÜ! + JEi, + y2£i + CiZÍ = Cxu + iCi + £|MÍ,

At + oßy + C<_iit.i + CíL\ = Ciu + bCi (i = 2, ■ ■ ■ , n - 2),

Li-x,v + Li-xMi-x = Li-xMi (i = 2, • • • , n — 2),
12 1 2       1

Lxv + OiFi = Mxu + LxM2,

Liv + Li-xMi    = Min + Li   Mi+x (i = 2, • • • , n — 3),
n-2 n-2      n-3 »-2      n-2

-Ln-3,n "t" L,n-3Mn-3  ~  -Ln-iM n-2,

LiMi+x  =   Mi+x,u + I,-+lM<+l (i  =   1,  •   •   •   ,  W  —   3),
n-2 j-2      n-3 »-! 2

■¿n-2,t> + ¿n-sMn-ü  =   M»^2,u +  pn-<¡Fn-2.
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Making use of the third of equations (1.4), the ninth, the tenth, and the

thirteenth of equations (1.8), and the substitution (1.5) we obtain

(1.9) (« + 72+ Em!)  = (o +/32 + £ if).
\ i—l / u \ i—X/v

It follows that there exists a function 6 of u, v which is defined, except for

an arbitrary additive constant, as a solution of the differential equations

n—2 n-2

(1.10) 0U = 6 + ß2 + J! Li,        9,-4+Tí+Em;.
i=X i-X

Accordingly, the following formula is valid:

(1.11) (x, Xu, x„, yx, • • • , y„-2) = e9,

where a determinant is indicated by writing only a typical row within

parentheses.

2. Canonical form of the differential equations. We now proceed to choose

for the points yi, • • • , yn-2 w —2 particular covariant points on the lines

lx, • ■ ■ , ln-2 respectively. To this end, at first we observe that the point Xx

defined by A^i = y1 + ¿x, where k is a scalar function of u, v, is on the line 1%.

When the point x varies along a curve C\ of the family represented by the

differential equation

(2.1) dv - \du = 0,

X being a function of u, v, on the surface S, the point Xx generates a curve

Cxx whose tangent at A^i is determined by Xx and the point X{ given by

A^i = yi« + yi*A + k(xu + xv\) + ¿'x (Xx = dXx/du, • ■ • ).

Expressing X{ as a linear combination of x, x„, x„, yi, y2 by means of the first

of equations (1.3) and the substitution (1.5), and equating to zero the coeffi-

cients of xu, xv therein, we obtain two conditions on the functions k and X

which are necessary and sufficient that the tangent to the curve Cxi at the

point Xx lies in the plane lxl2, namely,

k + Bx = 0,        Ex + (Cx + ¿)X = 0.

Similarly, we can also determine a unique point Xn-2 on the line ln-2 and a

unique curve of the family (2.1) such that as the point x varies along the

curve the tangent to the locus of the point A"n_2 at the point lies in the plane

ln-3ln-2- If we choose these two points respectively for the points yi and y„_2,

(2.2) Bx = 0,        C„_2 = 0,

and the differential equations of the two curves become
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(2.3) Exdu + Cxdv = 0,        Bn-2du + Fn-2dv = 0.

Finally, we can determine a unique point Xh on the line h (h = 2, ■ ■ ■ ,

n — 3) such that as the point x varies along any curve, except the z>-curve,

on the surface S the tangent to the locus of the point Xh at the point is in

the four-dimensional space determined by the lines lh-x, h, h+x and the v-

tangent. If we choose this point to be the point y&, then

(2.4) Bh = 0 (h = 2, ■••,»- 3).

Hereafter it will be supposed that the differential equations (1.2) are in

the canonical form for which the conditions (2.2), (2.4) are satisfied.

It should be noted that the above choice of the points y2, • • • , yn-3 is

not symmetric with respect to the parameters u, v. However if the dimension

of the space 5„ is even and equal to n — 2m, we may determine the points

J'2, • • • , y2m-3 by the conditions

(2.5) Bh = 0 (h = 2, • • • , m - 1),

and the analogous ones

(2.6) d = 0 (i = m, ■ ■ ■ , 2m —3).

3. Conditions of immovability. If the points x, yi, • • • , yn-2 and the

Laplace transformed points x_i, Xi at the point x of the net Nx, given by

equations

(3.1) X-x = xu — bx,        Xx = xv — ax,

are used as the vertices of the pyramid of reference with unit point suitably

chosen, then any point P in the space given by an expression of the form

n-2

(3.2) P = £ix + fax-i + £3xx + Z íí+sy»
i—X

has local coordinates proportional to &, • • • , £n+i- Differentiating the expres-

sion (3.2) and making use of the relations P„ = 0, P„ = 0, we can easily obtain

the following conditions of immovability and the analogous ones obtainable

therefrom by the substitution (1.5):

n+l

Si« = - Hi - mt - (Ax + fl£i)& - Z (Ai-3 + bBi-3)ki,
i—h

n+l

h* = - & + (° - fo)*2 - Z £«-&.
(3.3) is

¿Î3u  =    —   0^3  —   £l?4,
i—3 ¿—2

ft« = — Li-3%i — L,-_3£i+i (î = 4, • • • , w),
2 n-2

Én+l,u  =    —   Pn-2^2  ~  Ln-2¡ín+l-
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Let ir be a fixed hyperplane in the space S„, which does not pass through

the point x and has the equation

n+l

(3.4) ^fi+Ex,í.-=0,
»=2

where X2, • • • , Xn+i are functions of u, v. In order that the hyperplane w be

fixed in the space S„, it is necessary and sufficient that there be two functions

¿i, ¿2 of u, v such that

(3.5) r« = ¿it,        7t„ = ¿2x,

provided that the derivatives of &, • • • , £»+i in equations (3.5) be substi-

tuted from equations (3.3) and the analogous ones. Comparison of the coeffi-

cients of the corresponding terms in the first of equations (3.5) thus derived

and elimination of ¿i, ¿2 yield

2 2

X2u  =   (|82  —   26)X2  —   X2 +  ^n-2Xn+l,

\3u  =   H —   X2\3,

(3.6) X4u = Ax + a£i + £XX3 + (l\ - 6)X4 - X2X4,
t—3 t—3

X,u = Ai-3 + bBi-3 + Bi-3\2 + Zj_4Xj_i + (Z,_3 — 6)X< — X2X<

(i = 5, •••,«+ 1).

An analogous set of equations can be obtained from the second of equations

(3.5) or by the substitution (1.5).

4. Laplace transformed nets in a fixed hyperplane derived from the net

Nx. Now we consider the points M, M where the fixed hyperplane ir cuts the

u-, ^-tangents of the net Nx at the point x respectively. By means of equa-

tions (1.2), (1.3), (3.1), (3.4), (3.6), and the substitution (1.5), a simple

calculation gives the following equations

M = — (b + X2)x + xu,

r 22.
Mu =  la2 — bu + (20 — ß2)\2 + X2 — ¿„_2Xn+IJx

2

-   (0  —  ß2 + X2)XU + pn-2yn-2,

(4.1) Mv = (— ab + X2X3)x + axu — X2x„,

Muv — [aa2 — aub — abu + (ab — a„)X2 + (/32 — 2ô)X2X3

2 2      -.
+ in-2X3Xn.fi — 2X2X3Jx + (aß2 — ab + au — a\2 + X2X3)x„

+ [(b — ft)X2 + X2 — pn-2K+i]xv + apn-2yn-i,

from which it is easily seen that the coordinates of the point M satisfy the

equation of Laplace

(4.2) Muv = CM + zAMu + BMV,
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where

<tA = a,

(4.3) %   =   ßi  -   b  -  X2 +  pl-2\n+l/\2,
2

Q = a(b — ß2) + au + aX2 + X2X3 — ai„_2X„+i/X2.

Thus the point M describes a conjugate net Nm in the fixed hyperplane ir.

The Laplace transformed points Mx, M-x and the Laplace-Darboux in-

variants 3C, A^ at the point M of this net Nm are given by the equations

M x = — \2M,

(4.4)

,, .2      X„+i 2      X„+i 2
Af_l  =   0/>„_2 - X —   pn-2 - Xu + pn-2yn-2,

x2 x2

3C = X2X3,

AC =   Pl-2K ±£ - ^ (Dn-2 +  bFn-2).
X2 X

By means of the substitution (1.5) we can write out immediately the similar

equations for the point M. Combining the above results and the similar one

for a conjugate net in an ordinary space(2) we arrive at Theorem 1.

From equations (3.4), (4.4), it is easily seen that if every point x_i lies

in the fixed hyperplane ir, then the net Nm coincides with the net N-x, de-

scribed by the point x_i, which reduces to a w-curve. Similarly, if every point

Xi lies in the fixed hyperplane ir, then H=0, 3C = 0, and therefore the first

Laplace transformed net of the net Nm coincides with the net Nx, described

by the point X\, which reduces to a z>-curve. In each of these two special cases,

the fixed hyperplane w is uniquely determined for the net Nx.

Finally, it should be noted that the net Nm has equal and nonzero Laplace-

Darboux invariants 3C, A^ if and only if

(4.5) X2X3 =  pl-*K\n+X - pl-2(Dn-2 + 6Fn_2)X2.

5. A conjugate net associated with the net Nx in a fixed linear space S„_2

of n — 2 dimensions. In this section we consider in the space Sn a fixed linear

subspace S„_2 of w — 2 dimensions determined by two fixed hyperplanes given

respectively by equations (3.4) and

n+l

(5.1) !i+ZM< = 0,
i-2

where ¿u2, • • • , ßn+i are functions of u, v. In order that the second hyperplane

(5.1) be fixed in the space Sn it is necessary and sufficient that p2, • ■ • , ßn+i

(2) C. C. Hsiung, Conjugate nets in three- and four-dimensional spaces, to appear in Duke

Math. J.
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satisfy a system of equations similar to (3.6) and the analogous ones obtain-

able by the substitution (1.5). From these two systems of equations it is easily

seen that for a general net AxX2^/u2, as otherwise the two hyperplanes (3.4),

(5.1) would be coincident. Similarly, \3¿¿li3.

The tangent plane of the net Nx at the point x intersects the fixed sub-

space Sn-2 in a point T whose coordinates are given by

T =  [fl(X2 — ß2) — o(X3 — Ll3) + X2/u3 — X3M2]x

+   (X3  —   LL3)XU  —   (X2  —  ¡X2)X0.

Differentiating the expression (5.2) and making use of certain equations ob-

tained in §3, we may show that the coordinates of the point T satisfy the

equation of Laplace

(5.3) Tu, = Q*T + c/fT« + <B*T„

where we have placed

2

vi* = 72 - a■— (X3 + Ms) +
X3 — ß3

(5.4)

2

„, , pn-î\kn+\  ~   Mn+l)

«* = ft - 6 - (X2 + m») +->
X2   —   Ll2

G* = au + bv - c - 2ab + aß2 + by2 - ß2y2 + (72 - a)(\2 + j"2)

+ (ß2 — o)(X3 + m) — \2ß3 — X3M2

2

+ —-— (6 - ß2 + X2 + ß2)
X3  —   J"3

2

i„_2(Xn+i  —   /i„+i)
M-(a — 72 + X3 + jus)

X2   —   jU2

2 2   (X4 M4)(X„+1 Mn+l)

— i"-2?1 —;-r,-"
(X2 — yU2)(X3 — /i3)

Thus we obtain Theorem 2.

The Laplace-Darboux invariants 3C*, AC* of the net Ar at the point T are

given by the equations

2

°i

3C* =-— (X2 - ß2)(\3ßi - X4/is),

(5.5) (X372M3)

A^*   =-— (X3   —   M3)(X2Mn+l   —   Xn + l/i2).
(X2 — M2)2

It is obvious that 3C* = 0 if, and only if, the line Xiyi corresponding to each
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point x of the net Nx intersects the fixed subspace Sn-2. We can easily show

that in this case the termination of the Laplace sequence determined by the

net Nt in the fixed subspace S„_2 is that of Laplace, that is, its first Laplace

transformed net reduces to a u-curve. Similarly, the minus-first Laplace

transformed net of the net Nt reduces to a w-curve in case the line x_iy„_2

corresponding to each point x of the net Nx intersects the fixed subspace

S„-2. Moreover, the Laplace sequence determined by the net NT in the fixed

subspace Sn-2 terminates in both directions after one transformation of La-

place according to the case of Laplace if, and only if, the lines Xiyi, x_iy„_2

corresponding to each point x of the net Nx both intersect the fixed subspace

Sn-2-

Finally, from equations (5.5) it follows immediately that the net Nt has

equal and nonzero Laplace-Darboux invariants X,*, AC* in case

2 3 2 3

(5.6) £n-2(X3  —  ¡J,3)   (X2//n+1  —  Xn+i;U2)   =   <7i(X2  —   LL2)   (X3/i4  —   X4jli3).

6. Conjugate nets with equal and nonzero Laplace-Darboux invariants.

It is known that as u, v vary the Laplace transformed points x_lf Xx given by

equations (3.1) at the point x of the conjugate net Nx in the space Sn generate

two surfaces S—i, Sx, on which the parametric curves also form two conjugate

nets N-x, Nx. As usual, we call the surfaces S-lt Sx and the nets N-x, Nx re-

spectively, the minus-first and first Laplace transformed surfaces and nets

of N-x. In this section we shall first find the power series expansions of the

surfaces 5_i, Sx at the points x_i, Xi.

From the system (1.2), equations (1.3), (1.4), (3.1), and the substitution

(1.5) by differentiation and substitution, any derivative of x_i can be ex-

pressed as a linear combination of x, xu, x„, yi, • • • , yn-2. In particular, one

obtains

2
(0t2  —   bu)x +   (ß2   —   b)xu  +   pn-2yn-2,

I (j (J y J iA/        |        KÍ JC u i

(a3 — bun — ba2)x + (ß3 — 2bu — bß2)xu
3 3 2

+ Pn-3yn-3 +   (Pn-2  ~   bpn-2)yn-2,
2

(cu — buv + ac)x + (au — bv + c + aß2)xu + apn-2yn-2,

(cv — bvv + ac)x + (av + a2)xu + Kxv.

The coordinates X, where

X = x-x(u + Am, v + Av),

of any point X near the point x_i on the surface S-x can be represented by the

Taylor's expansion as power series in the increments Aw, Av corresponding to

displacement on the surface Sli from the point x_i to the point X:

(6.1)

%— lu

^— luu

%^luv

X^lvv   =



322 C. C. HSIUNG

X = x_i + X-i„Am + x_i„A„

(6.2) 1
-|-(x_iuuAm2 + 2x_i„„AwAz/ + x_i„Aii2) + • • • .

Substituting the expressions (6.1) in equation (6.2) we obtain the local co-

ordinates ft» • • • , ¿n+i of the point X:

ft = KAv + • ■ • ,

£» - 1 + (fin - b)Au +aAv+ ■■■ ,

(6.3) t.-J*¿+"-.

1      3 2
£n = '—" pn-i Au+ ■ ■ ■  ,

2                         * 8 2 2 2

£n+l  =   Pn-2AU -\-fj>„_2  —   bpn-2)AU    +  Gpn-2AuAv +  •  • •   ,

where the unwritten coordinates are of at least third degree in Aw, A». By

means of (6.3) it follows that a hyperquadric with the general equation

n+l

(6-4) Z   <*<*&£* = 0 (aik = akt)

has second order contact with the surface S-x at the point x_i in case

«12  =   Û1,n+l  =   «22  =   #2,n+l  =   0, d23  =   "~   X^ll,

(6.5) /„_3
«n+l,n+l--"j      — a2n.

(Pn-2)2

Similarly, the hyperquadric (6.4) has second order contact with the surface Sx

at the point Xi if, and only if,

«13 = an = a33 = <z34 = 0, a23 = — Han,

(6.6) ql

(?i)2

Combining the conditions (6.5), (6.6) we thus reach Theorem 3(3).

The University of Wisconsin,

Madison, Wis.

(3) This theorem was formerly obtained by the author for the case n=i, loc. cit. (see foot-

note 1). However, it is not true for a general conjugate net with equal and nonzero Laplace-

Darboux invariants in ordinary space; see the author's paper, New geometrical characterizations

of some special conjugate nets, Duke Math. J. vol. 12 (1945) p. 252.


