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BY
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Introduction. In a previous paper(!), the author has established a theory of
the projective differential geometry of conjugate nets in a linear space S; of
four dimensions. The purpose of the present paper is to extend the theory to
a general linear space S, (n=4).

In §1 a completely integrable system of linear homogeneous partial dif-
ferential equations, together with its integrability conditions, is introduced
by a purely geometric method defining a conjugate net N, in the space S,
except for a projective transformation. A canonical form of the system of
differential equations is obtained in §2 by a geometric determination.

In §3 we deduce the conditions of immovability for a point and a hyper-
plane in the space S, relative to an invariant local pyramid of reference asso-
ciated with a point x of the conjugate net NV,.

§§4, 5, 6 are devoted to proving the following theorems respectively.

THEOREM 1. In a linear space S, of n (= 3) dimensions let N, be a conjugate
net and T be a fixed hyperplane; then the points M, M of intersection of the fixed
hyperplane w and the two tangents at a point x of the net N, describe two conju-
gate nets Ny, Niz in the hyperplane w respectively, and one of the two nets Ny,
N3 is a Laplace transformed net of the other.

THEOREM 2. In a linear space S, of n (Z4) dimensions let N be a conjugate
net and S,._; be a fixed linear subspace of n—2 dimensions; then the point T of
intersection of the fixed subspace S._p and the tangent plane at a point x of the
surface sustaining the net N, describes a conjugate net Nt in the subspace Sp_s.

THEOREM 3. Conjugate nets with equal and nonzero Laplace-Darboux in-
variants in a linear space S, of n (24) dimensions are characterized by the
property that at each point x of any one of them there exists a proper hyper-
quadric (and therefore oom™(t32=11 sych hyperguadrics) having second order
contact at the Laplace transformed points x_y, %1 of the point x with both
Laplace transformed surfaces S—_, Si of the net N, respectively.

Presented to the International Congress of Mathematicians, August 31, 1950; received by
the editors July 14, 1950.

() C. C. Hsiung, Projective theory of surfaces and conjugate nets in four-dimensional space,
Amer, J. Math. vol. 69 (1947) pp. 607-621. A projective theory of conjugate nets in ordinary
three-dimensional space has been established in a similar way by E. P. Lane; see his book,
A treatise on projective differential geometry, University of Chicago Press, 1942, Chap. VIII.
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1. Differential equations and integrability conditions. Let us consider a
conjugate net N, with parameters %, v in a linear space S, of # (=4) dimen-
sions so that the homogeneous projective coordinates

x(l)’ LRI x("+l)

of a nonsingular point x on the surface S sustaining the net N, are given as
analytic functions of the two independent variables %, v by equations of the
form

1.1) x = x(u, v).

The osculating linear space S of £ (=2, - - -, n—1) dimensions of the
parametric curve % and the osculating linear space S® ., of n —k+1 dimen-
sions of the parametric curve v at the point x of the net N, intersect in a line
le—1. Let us select on the lines ;, - - -, /,_» respectively »—2 points yy, - - -,
Ya-2, distinct from the point x, and suppose that the coordinates y; of the
point y; (¢=1, - - - | —2) are functions of %, . Then it can be shown that
the coordinates y; of the corresponding points y; (=1, - - -, n—2) satisfy a
system of linear homogeneous partial differential equations of the form

Xuv = €& + A%y + b,

aix n—2 i
(1.2) - = a;x + Bi%u + 2 PiVi
Jut j=n—1
oix 1, .
- = 8% + Vi%o + O Qiyk (t=2,--+-,n—1),
dv? k=1

in which subscripts indicate partial differentiation and the coefficients are
scalar functions of #, v. The first of these equations is merely the Laplace
equation for the parametric conjugate net NV,.

By using equations (1.2) it is easily seen that the derivatives ¥;, can be
written in the form

Viu = Alx + leu + Elxv + L;yl,
yiu = Aix + By + Liyis + Liyi (i=2-,n=2).

In particular, by actual calculation one obtains

1.3)

2 2
@11 = ¢ + ac + bds — cv2 — 24, Pu—24n_2 = az — asBz — oz,

2
(1.4) @1B1 = a, + @® — ay: — &, P:—an—z = B3 — a2 — Bou — ﬂz»
. 2 n—
qiEx = b, + ab+ ¢ — 71, pusLns = pa-s,
1 2, 2 _n—2 3 2 2
Li=b— (log ql)u; Pn—an—-Z = Pp-2 — Pn—262 — Pn—2,u

Analogous expressions for y;, can be written by making the substitution
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n—(i+1)

k %
(1.5) (14 a; Bi ys Pe A; B; E, L; Hé & s )
' Y 8 Yi Yn—(i+D) qn—(:+1) D41y Crcitt) Fra Mo (isty K &1 &5 bnvai/’

where H, K are the Laplace-Darboux invariants defined by the respective
formulas

H=c+ ab — a,,
K =c¢+ ab — b,
and the £'s will be defined in §3.

The integrability conditions of equations (1.2) are found by the usual
method from the equations

(1.6)

d /o ix gn—itly d /dx ity .
— -] = N ’ _ -] = - (1=2’...,n_2);
Ou \ du"~" Jyn—itl v\ av’ dvi+l
9 [/ 9tly 0%y 9 /o ix gr—GiH g '
J— A = . ) - -1 = - (1_—_1’-..’”_2);
du \ dv*t! vt 9o \ Jun—i Jun— (D

(yiu)v = (yiv)u (1 =1,:-,n— 2);

and the fact that the points x, %4, %, 1, * * *, ¥a—2 are linearly independent.
The result is given by the following equations and the analogous ones ob-
tainable therefrom by the substitution (1.5):

1 n—2 n—i
4; = _,._,-<an—i+1 — Cpiyu = @oPni — D P Aj)
i jmit1
1 (9 v la -1 .+1
ic — Siv1,u4 — CYi i
¢+1 {3 : a1 +1 Yit1 — F-El g; 4;
i 6'—10 as— .
+ 2 c;.,[a it o= (5,u + ovi + Z qkAk)]}
=2 k=1

1 oy n—i
(17) B; = ;,T_—g(ﬁn—ﬂl — pi — Bu—i,u — Bofr—i — Z bi B?')

i jmitl

s+l
P —+ ia puvar aYiy1 — 8ip1 — 1-21

1 [d . 07 la
H'l

i Ji—ig
+ thn Pyyar (5 + avi + Equk>:| (i=2---,n—-2),
i=2

k=1
Lia= g /o0, Li=b— (loggi u (i=2--,n=2),
P = N LI Tl (=2, = 3iS i S0 =),

n—i+1

Pr—e = Pn—zﬁn—i + P::;.u + P::;L::z (i = 2» M (2 2)'
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i+1 ac a:—la . ai—lc
Yirru +F0vin+ @ E1 = —'+ + i —
vt—l avt—l
[ a“’b
+ i—
E 6 — "Y;+1

z—:c 6:—-
+ Z Ci, 1|: ’Y: + ('YJu + b’Y: + Q1E1):|

=2 dv®
(G=2---
(L7 in 1k 1k L 9+ 7b
th + q;:r Ly + q::-llLkH =2 Cij— H-l

=k I ‘—’
i Jiic Qi—ktlg B+l Bl k
+ ;Ct 161)‘ q;c + C',k+2 P PP (Qku + qk Lk)

j=k+1

+3C (qk., + qiLi + qeali)

i=k+2

=3 - -, n—=2;k=1,.

315
tn—z))
',1:—2),

where C;,; denotes the number of combinations of ¢ different things taken j

at a time;

A1y + ¢By + 8:E1 + DiLy = Dyy + Cy + AiM + AoM,

Aso+ cBi+ DiosLisy + DiLi = Dy + oCs + A:Mi + AeiMin

(G=2--+,n—3),
Ansio+ cBug + Dusluss + Duslnsy = Dusu + csFu s
+ ¢Crs + An_sMis,
Biy+ aBi = Di 4 aCi + BiMi + BipiMip (i=1--,n—3),
Bus,o+ 0Bos 4 Fasslos = Dus + Faisu + BoFucs
4 aCoz + BaaMnss,
(1.8) 1+bBl+Elv+72El+CIL11. = Ciu + 8C1 + EIM:,
As+ 0B; +c._1L._1+c.L.-c.,,+bc (i=2--,n—2),
s—l » + L._1M._1 = L,_lM (i=2--+,n—2),
le + Q1E1 Mlu + L1M2,
LW+L,_1M = Mi+ LM (=2, n—3),
Lo lse+ Lo sMr g = Lo oMoy,
LM.+1—M+N+LII§M.+1 (=1, ,n—3),

n—2_ n—3 n—2

n—2 v + Ln—sMn—z = Mn—~2 u + pn—-2Fn—2
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Making use of the third of equations (1.4), the ninth, the tenth, and the
thirteenth of equations (1.8), and the substitution (1.5) we obtain

n—2 A n—2
(1.9) (a+72+ ZMz) =<b+Bz+ ZLZ).
=1 u i=1 v

It follows that there exists a function 6 of %, » which is defined, except for
an arbitrary additive constant, as a solution of the differential equations

n—2 . n—2 .
(1.10) bu=b+B+ 2L, b=a+r+ 2 M.

=1 i=1

Accordingly, the following formula is valid:
(1.11) (%, oy Zoy Y1, * *, Yuo2) = €,

where a determinant is indicated by writing only a typical row within
parentheses.

2. Canonical form of the differential equations. We now proceed to choose
for the points yi, + + +, ¥.—s #—2 particular covariant points on the lines
L, + -+, l._s respectively. To this end, at first we observe that the point X,
defined by X;=1v,+kx, where k is a scalar function of #, v, is on the line /;.
When the point x varies along a curve C, of the family represented by the
differential equation

(2.1) dv — Ndu = 0,

\ being a function of u, v, on the surface S, the point X, generates a curve
Cx, whose tangent at X, is determined by X; and the point X{ given by

X{ = J1u + y1h + k(xu + x.\) + kx (Xll= Xm/du’ e )‘

Expressing X{ as a linear combination of x, x4, %,, y1, 2 by means of the first
of equations (1.3) and the substitution (1.5), and equating to zero the coeffi-
cients of x,, x, therein, we obtain two conditions on the functions k and A
which are necessary and sufficient that the tangent to the curve Cx, at the
point X, lies in the plane /i/;, namely,

Similarly, we can also determine a unique point X,_; on the line /,_; and a
unique curve of the family (2.1) such that as the point x varies along the
curve the tangent to the locus of the point X, at the point lies in the plane
Ln_sla_s. If we choose these two points respectively for the points y; and yn_s,

(2.2) B,=0, Ci2=0,

and the differential equations of the two curves become
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(23) Eldu + Cldi) = 0, Bn_.zd'u« + F,,_zdv = 0.

Finally, we can determine a unique point X, on the line /, (h=2, - - -,
n—3) such that as the point x varies along any curve, except the v-curve,
on the surface S the tangent to the locus of the point X, at the point is in
the four-dimensional space determined by the lines /;_, I, /41 and the v-
tangent. If we choose this point to be the point y;, then

(2.4) By =0 (h=2-,n—3).

Hereafter it will be supposed that the differential equations (1.2) are in
the canonical form for which the conditions (2.2), (2.4) are satisfied.

It should be noted that the above choice of the points y,, « - -, ¥,_3 is
not symmetric with respect to the parameters %, v. However if the dimension
of the space S, is even and equal to n=2m, we may determine the points
Ya, * * +, Yam—3 by the conditions

(2.9) Br=0 (h=2,---,m—1),

and the analogous ones

(2.6) Ci=0 G=m, - ,2m—"3).
3. Conditions of immovability. If the points x, y;, - -+, ¥._2 and the

Laplace transformed points x_;, x; at the point x of the net N, given by
equations

3.1) X1 = X, — bx, X = X%, — ax,

are used as the vertices of the pyramid of reference with unit point suitably
chosen, then any point P in the space given by an expression of the form

n—2
(3-2) P =tix+ Exy + E320 + Z £¢+3yi
=1
has local coordinates proportional to &, - - -, £,41. Differentiating the expres-

sion (3.2) and making use of the relations P, =0, P,=0, we can easily obtain
the following conditions of immovability and the analogous ones obtainable
therefrom by the substitution (1.5):

n+1
b1u = — b& — H§ — (Al + dEx)E4 - Z (Ai«z + bBi-—-3)£iy
i=6
n+1
w= - b— — 2. Bis,
(3.3) & &+ ( B2)&a é 3k
b = — bs — Eiy,
fin = — L:z‘éi - LZ;&“ (i=4,---,mn),

2 n—2
£n+l,u = - pn—2£2 - Ln—2£n+1-
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Let 7 be a fixed hyperplane in the space .S,, which does not pass through
the point x and has the equation

n+1
(3.4 r=&+ 2 \NEi=0,
=2
where A, - - -, My1 are functions of #, v. In order that the hyperplane 7 be

fixed in the space S,, it is necessary and sufficient that there be two functions
k1, ks of u, v such that

(3.5) Tu = ki,  mo = ko,

provided that the derivatives of &, - - -, £,41 in equations (3.5) be substi-
tuted from equations (3.3) and the analogous ones. Comparison of the coeffi-
cients of the corresponding terms in the first of equations (3.5) thus derived
and elimination of ki, k, yield'

New = (B2 — 26)ha — Mo + po-thutn,
)\Su =H — >\2)\81
(3.6) New = A1+ aEy+ Es + (L — )M — Mk,
Nw = Ais+ bBis + Bi_shs + L::i)\i-l + (Li’:i = BN — AN
(i=35---,n+1).

An analogous set of equations can be obtained from the second of equations
(3.5) or by the substitution (1.5).

4. Laplace transformed nets in a fixed hyperplane derived from the net
N.. Now we consider the points M, M where the fixed hyperplane 7 cuts the
u-, v-tangents of the net N, at the point x respectively. By means of equa-
tions (1.2), (1.3), (3.1), (3.4), (3.6), and the substitution (1.5), a simple
calculation gives the following equations

M= — (04 N)x+ %
My=las— bu+ (20— BNs + A — pashapa]s
— (b= B2+ N)xu + P:—zyn—z,
(4.1) M, = (— ab+ NN3)x + axy — A%,
My, = [a0s — a,b — ab, + (ab — a )2 + (B2 — 20)A2\s
+ P:—z)\a)\n-;-l - 2)\:)\3]95 + (a8 — ab + au — akz + N3 %4
+ [(® — BN + )\22 - ?273—2)‘n+1]xv + aﬁzn—zyn—%

from which it is easily seen that the coordinates of the point M satisfy the
equation of Laplace

4.2) My, = CM +AM, + BM,,
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where
A = a,
(4.3) B=B—b— N+ 17:—2)\»+1/>\2,
C=a(d— B2) + au+ aks + NoAs — 017:—2)\"-;-1/)\2.

Thus the point M describes a conjugate net Ny in the fixed hyperplane .
The Laplace transformed points M;, M_; and the Laplace-Darboux in-
variants 3¢, K at the point M of this net Ny are given by the equations

M= — \M,
Moy =bprs Mot %~ pra Mt ZuF PraYs,
2 2
(4.4) s |
K = proK % - %"2‘—2 (Dacs + BFas).

By means of the substitution (1.5) we can write out immediately the similar
equations for the point M. Combining the above results and the similar one
for a conjugate net in an ordinary space(?) we arrive at Theorem 1.

From equations (3.4), (4.4), it is easily seen that if every point x_; lies
in the fixed hyperplane =, then the net Ny coincides with the net N_;, de-
scribed by the point x_;, which reduces to a u#-curve. Similarly, if every point
x1 lies in the fixed hyperplane w, then H=0, 3¢=0, and therefore the first
Laplace transformed net of the net Ny coincides with the net N;, described
by the point x;, which reduces to a v-curve. In each of these two special cases,
the fixed hyperplane = is uniquely determined for the net N..

Finally, it should be noted that the net Ny has equal and nonzero Laplace-
Darboux invariants 3¢, K if and only if

(4.5) Aehs = poaKhnps — poe(Das + bFa oo,

5. A conjugate net associated with the net N, in a fixed linear space S,
of n—2 dimensions. In this section we consider in the space S, a fixed linear
subspace S,_; of #—2 dimensions determined by two fixed hyperplanes given
respectively by equations (3.4) and

n+l

(5.1) g4 2wk =0,

) =2
where ps, - - -, uny1 are functions of «, v. In order that the second hyperplane
(5.1) be fixed in the space S, it is necessary and sufficient that us, + + + , finp1

(®) C. C. Hsiung, Conjugate nets in three- and four-dimensional spaces, to appear in Duke
Math. J.
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satisfy a system of equations similar to (3.6) and the analogous ones obtain-
able by the substitution (1.5). From these two systems of equations it is easily
seen that for a general net N, \;#u., as otherwise the two hyperplanes (3.4),
(5.1) would be coincident. Similarly, X3 pus;.

The tangent plane of the net N, at the point x intersects the fixed sub-
space S,_; in a point T whose coordinates are given by

T = [a(\2 — p2) — b(As — m3) + Aaws — Nspa ]
+ 0\3 - Ms)xu - ()\2 - #2)xv.

Differentiating the expression (5.2) and making use of certain equations ob-
tained in §3, we may show that the coordinates of the point T satisfy the
equation of Laplace

(5.3) Two = C*T + A*T, + B*T,,

(5.2)

where we have placed

2
g1(As — pa)
I

A* =yy—a— (\s+ us) +
)\3"#3

2

n— )‘n - Mn

BY = fa— b — (a4 o) T be),
Ay — po

C*=au+ by —c— 2ab+ a2+ by: — Bava + (v2 — &) (N2 + p2)
(5.4) + (‘iz; _1’)(%; + 40) — Napis — Aapia
+ql4—m(b_ﬁz+)\2+#2)
s — us

n P:——z()‘n+l — Pnt1)

(6 — v2+ N+ p3)
A — ua

P2 q2 N — wa) M1 = Bat1)
- Pn—241 *
()\2 - Mz) ()\3 — p3)
Thus we obtain Theorem 2. ,
The Laplace-Darboux invariants 3¢*, K * of the net Ny at the point T are
given by the equations

2
5(:* — (x—il—)—2 ()\2 - M2)(x3p’4 - X4M3),
(5'5) 31,2 M3
n—2
K* = ()\—#-)‘2' ()\3 - M3)(x2ll»n+1 - )‘"*'1"‘2)’
2 — M2

It is obvious that 3¢*=0 if, and only if, the line %,y corresponding to each
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point x of the net IV, intersects the fixed subspace S,_.. We can easily show
that in this case the termination of the Laplace sequence determined by the
net Nr in the fixed subspace S,—, is that of Laplace, that is, its first Laplace
transformed net reduces to a w-curve. Similarly, the minus-first Laplace
transformed net of the net N7 reduces to a #-curve in case the line x_1y,—
corresponding to each point x of the net N, intersects the fixed subspace
Sn—2. Moreover, the Laplace sequence determined by the net N7 in the fixed
subspace S,_. terminates in both directions after one transformation of La-
place according to the case of Laplace if, and only if, the lines x1y1, X_1Ya—2
corresponding to each point x of the net N, both intersect the fixed subspace
Sn—s.

Finally, from equations (5.5) it follows immediately that the net Ny has
equal and nonzero Laplace-Darboux invariants 3¢*, K * in case

2 3 2 3
(5.6) Pn—2(Ng — p3) Nottagr — Magine) = @1(Ae — pa) (Nspa — Agus).

6. Conjugate nets with equal and nonzero Laplace-Darboux invariants.
It is known that as %, v vary the Laplace transformed points x_;, X; given by
equations (3.1) at the point x of the conjugate net N, in the space S, generate
two surfaces S_y, S1, on which the parametric curves also form two conjugate
nets N_;, N;. As usual, we call the surfaces S_;, S; and the nets N_;, N; re-
spectively, the minus-first and first Laplace transformed surfaces and nets
of N_,. In this section we shall first find the power series expansions of the
surfaces S_;, Si at the points x_;, x1.

From the system (1.2), equations (1.3), (1.4), (3.1), and the substitution
(1.5) by differentiation and substitution, any derivative of x_; can be ex-
pressed as a linear combination of x, x,, %,, ¥1, - * *, Y¥»—2. In particular, one
obtains

Zore = (a2 — b+ (B2 — B)xu + prosyars,
X_10 = (¢ — by)x + axy,
%otuw = (@3 — buw — baz)x + (B3 — 2bu — BB2)%u
+ Pz—syn—s + (P:—2 - bP:-‘z)yn—?,
%tuy = (Cu = bur + @)% + (au — by + ¢ + aB)x, + a;bf_zyn_z,
X100 = (Cv = boo + ac)x + (a, + a®)x. + Kx,.

(6.1)

The coordinates X, where
X = x_1(u + Au, v 4+ Av),

of any point X near the point x_; on the surface S_; can be represented by the
Taylor’s expansion as power series in the increments Au, Av corresponding to
displacement on the surface S_; from the point x_; to the point X:
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X = 21+ 2 1.A% + 2_1,4,

6.2) 1
+ > (%—1uuBt? 4 20 14, AUAY + X_1,0A02) + - - - .

Substituting the expressions (6.1) in equation (6.2) we obtain the local co-
ordinates &, - + -, £, of the point X:

f1=KAhv+ -+,

f2=14+B—bAu+arv+ -,
6.3) fs=—KAv + - -,
R SV

Eart = pashu + % (prt — bpno)AU + appshudo + - - -

where the unwritten coordinates are of at least third degree in Au, Av. By
means of (6.3) it follows that a hyperquadric with the general equation

n+1

(6.4) > auditr =0 (aix = ars)
i, k=1

has second order contact with the surface S_; at the point x_; in case

@12 = G141 = G232 = Ga,nt1 = 0, a3 = — Kayy,

(6.5) ?i-a

Gntlntl = — _——(P2 X Q2n.
n—2

Similarly, the hyperquadric (6.4) has second order contact with the surface S;
at the point x, if, and only if,

@13 = Gy = 33 = ay = 0, a3 = — Hay,
3
(6.6) . g
“ = — T3 .
(q1)?

Combining the conditions (6.5), (6.6) we thus reach Theorem 3(3).

THE UNIVERSITY OF WISCONSIN,
Mabison, Wis.

(3) This theorem was formerly obtained by the author for the case n =4, loc. cit. (see foot-
note 1). However, it is not true for a general conjugate net with equal and nonzero Laplace-
Darboux invariants in ordinary space; see the author’s paper, New geometrical characterizations
of some special conjugate nets, Duke Math. J. vol. 12 (1945) p. 252.



